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Here I would like to discuss the results available on the calculation of the correlation 
functions of local operators in the theory of 2D gravity coupled to the minimal matter, 
in the approach of conformal field theory Jl|, [2|, |3|, |J . 

In the representation of David, Distler and Kawai [|J the local operators take the 
form: 

= <PsUz)<Ps>,(z) ~ V s ,. s (z)U- s >M) = exp(ia s >. s <p M (z)) exp(/3_ s ,. s </(z)) (1) 

where 

1 — s' 1 — s l + s' 1 — s 

ots'.s = — - — a- H — a+, (3-s>.s = — - — (3- H ( 2 ) 



a ± = a ± jal + 2, f3± = p ± Jffi - 2 (3) 

Here the free field representation is assumed both for the matter and for the gravity 
(Liouville) factors of the operator (|l|). More specifically: 

{ V M (z) V M (z')) = (<p L (z)<p L (z')) = log (4) 

T M = --dip M dip M + ia d 2 cp M , T L = --d<p L d<p L + (3 d 2 <p L (5) 

C M = 1 - 12<4, C L = 1 + 12/32 (6) 

V a = exv(iav M ), U p = exp(/3<p L ) (7) 

A^ = i(a 2 -2aa ), A£ = -±((3 2 - 2/3/3 ) (8) 

The constraint which couples the two theories is 

C M + C l = 26 (9) 

and the constraint which couples the two representations of the corresponding Virasoro 
algebras is 

a m +a l = 1 ^ 

Eq.(|) leads to 

(3 2 = a 2 + 2, (3 ± = ±a± (11) 
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while the expressions in (Q) for a, (3 solve for flT0|) , on account of eqs.(||) for A M , A L . 

The notations for the Liouville part, made to be symmetric to the matter sector, are 
those used in |J. 

The three-point functions, or amplitudes, take the form 
^ (3) = ($ s ^(0)<£w(l)$ m , m (oo)> 

= (0£.(O)0£„(1)0&J^ (12) 

The three-point functions of the matter sector had been calculated in ||, and can be 
given in the following form: 

A$ oc {7c 1 {p')) l {7r 1 {p)) k P{l,k)P{l-s',k-s)P{l-n',k-n)P{l-m',k-m) 

x P-\1- s',k- s)p- 1 (l-n,k-n)p- 1 (l-m',k-m) (13) 

Here 

p/. i\ A EM) A rp» A A „^ 

= nrir^nfa^nn^-T-p (»> 

"I / a - 1 / \ r(i - p) 

p = T' p = t=p' 7(p) = ^r (15) 

s' + n' + m' — 1 s+n+m-1 
1 = 2 ' fc= 2 (16) 



The expression in ( |T5| ) is different from that in || by normalization factors of individual 
operators, and is the same as in ||. It corresponds to the Coulomb gas operators without 
extra normalization, apart from possible sign and p^ factors. 

The expression for A^ in (|T2|) can be obtained by an analytic continuation of the 
result for Af} flTJ) on using the following analytic continuation for the finite products 
with the negative integer upper bounds || : 

if g(o=n/(*% then 9(« — I'D = n (17) 

i=l i=0 J\ % l 

Multiplying A M ] and Af \ eq.([12|), one gets § : 

A (3) cx (fi) s N.,. a N n , M N m ,. m (18) 



Here 

N s>s = T ( 1 + S 'P' ~f) = r( ^f ) 2 , « = /3 = /?_y s (19) 

r(-s'p' + s) r(i- ^ ~ a ) p v ; 

5" = — (2/3 — /3- s '.s — /3-n'.n — P-m'.m) (20) 

The three-point functions of the minimal model coupled to gravity first had been calcu- 
lated in , using the KdV technique of || . In |J they had been obtained in the Liouville 
theory approach, by integrating out first the Liouville field zero mode, the trick intro- 
duced in and than by using the analytic continuation technique, though different 
from the one sketched on above. 

Both in [|7| and || the calculation had been restricted to the order operators, i.e. to 
the operators with 

s' — s, n' = n, m! = m (21) 

The three-point functions for the general operators had been calculated in || , with result 
(|18|). We remark that general operators are known to be quite a problem for the KdV 
technique, and may be this is the first instance when the field theory happens to be more 



powerful with respect to the otherwise quite successful matrix model approach |TT| and 
the related KdV technique §, 0] . 

We shall now discuss some of the properties of the three-point functions. 

1. Invariance to switching the Fock space representations. 

Each operator factor in (|l|) has two possible representations in the free field, or the 
Coulomb gas technique: 



lL. 



Vs.., V- s ,.- s (22) 

U-s'.s, U s i.- S (23) 
So we can use four representations: 

$ J'7s ~ Vs'.sU^.s (24) 

$ ;+ ~ V S ,. S U S ,._ S (25) 



and two more, obtained with V s i, s — > V- S i.- S . The tree-point functions can be calculated 
for these different representations, with the analytic continuation technique sketched on 
above, to be used also for the matter sector, with the result as in ([Tj|) but with the 
normalization factors replaced according to: 

*- ~ N-r = r d + «y-«) (26) 

~ iV7+ = r(1 ~ 5/ + Sp) (27) 
with two more obtained by switching signs. (See also the calculations in[12]). The form 

* = ^ h-L (28) 



r i 
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for $ = V a U/3 always holds. In this sense the three-point functions are invariant with 
respect to switching the representations. This is the case also for the matter theory, i.e. 
the minimal model itself. The functions 

(fafafa), (4>i(f)j(t)k} , (<j)i4>j4>k), (4>i4>j4>k), (29) 

((pi ~ V s '.s, <pi ~ V-s'.-a) differ by normalization factors of individual operators. 

It appears reasonable to expect that for more-point functions there should exist some 
form of equivalence of the representations, if proper formulation is found. Since, what- 
ever the representation, we are dealing with two coupled conformal theories, not with 
particular Fock spaces. Again, this is the case for the matter theory. E.g. for the four- 
point functions one usually uses the representation {(p(p(p(p) 0. In fact, the representation 
{(p(p(p(p) could be used equally well, by employing antiscreening operators (or, a negative 
number of screening operators), as intertwiners of the Fock spaces. This extension of the 
technique would restore the direct - conjugate representation symmetry. By the way, the 
antiscreening operators could be useful objects from the point of view of the quantum 
group representation. 

Returning to gravity, we remark still that the direct - conjugate representation sym- 
metry had already been assumed in the form of the effective action for the quantum 
theory of Liouville |5j : 

A[(P L ] oc / [d(pd(p + pexp((3_(P L ) + a(/i) p exp(/3 + L )] (30) 



which is the free field representation with two screening operators, more proper to say. 
(Some arguments to such a representation had been given also in [I3|). 

In © 

/iexp(/l_0 L ) = = JxVi.iI/-i.i (31) 

is the puncture operator, and 

( /U )"exp(/? + i ) = fay$Zt = {jiYVxiUx.-! (32) 

is the L-sector conjugate representation operator. Then it should be natural to assume the 
possibility of using, on equal footing, the alternative representations for other operators 
as well, being multiplied by the //-scaling compensating factors. 

2. The result (|18|) assumes that the usual fusion rules of the minimal model are 
cancelled by gravity. In particular, the operators outside the basic conformal grid couple 
to the states inside, and so they become physical. This result is obtained also by the 
analytic continuation technique of ||, extended to more general set of operators in [14 



This disagrees with the KdV results of JJJ, for the order operators, which support instead 
the usual fusion rules of the minimal model. On the other hand, coupling of operators 
outside the basic conformal grid may be in agreement with the BRST analysis of the paper 
||15|| , for the physical states (or operators) spectrum. This has been further investigated 
recently in |TB|, |T7[ . Although the extra states found in [jnj (for the case of minimal C < 1 
models coupled to gravity) involve ghosts, further analysis of |L7j assumes that they could 
equivalently be represented by the states (operators) outside the basic conformal grid, 
without ghosts, with their ghost number grading replaced by the Felder BRST grading 
|i~8|l (the number of block steps away from the basic conformal grid). 

The conflicting evidence stated above, due to different techniques employed, shows 
that the problem with the fusion rules is still open. See also the discussions in |12|, [HJ. We 
expect that, as in the case of the minimal conformal theory itself, to fix the three-point 
functions we have to understand the four-point ones. They involve a lot more dynamics. 
We shall describe next some advances made in the calculation of four-point functions, in 
the field theory approach. 
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The Coulomb gas representation for the four-point functions has the form (we drop 
the (j, scaling factor throughout): 



= /d 2 ;z($(0)$(^)$(l)$(oo)) 



Ik Ik 

d 2 z[(H J d 2 Xl )(l[ J d 2 ^(Kl(0)ya2(^)F a 3(l)F a 4(oo)(n^-(^))(n^+(%))> 
i=l j=l i=l j=l 

Ik Ik 

x (ii/ rf v.xn / ^)(^i(o)^ 2 (^)^3(i)^4(oo)(n^-(^))(n^ + (^)))] (33) 

i=l j=l i=l j=l 

The matter and the Liouville correlation functions in ( |3~3"D have separate expansions 
over the z singularities, (z) _2 ( A i /+A 2 I+A fii) ; (,2)~ 2(A i +A 2 + A £ l t) ; which correspond to 
the intermediate primary operators (states). When multiplied, they produce the double 
expansion of the form: 

EE/ d 2 z\z\- 2 ^ +A2+A ^ x (...) (34) 
p',p p',p 

where 

A 1 = Af + Af = l, A 2 = Af + Af=l, A mt = A^ p + A L p/p (35) 

The terms in (|33|) with p' = —p',p = p (the 'diagonal' ones), such that A int = A p f p + 
A L p/p = 1, they correspond to physical intermediate states. The integral ( |3~3"D then gets 
log singularities, / d 2 \z\~ 2 (...). 

To better define the integral fl3"B| ) let us shift the values of the parameters (Coulomb 
gas charges, or states momenta) of the external states, slightly off their discrete values, 
but so that the physical states condition is kept, Aa + Ap = 1, which requires $ = a~ a_ 
(or Pi = a + — ctj, if conjugate representation is used): 

o i = ai P, + |a_, A = /?| 0) - E^ = ° (36) 

Here 

(0) (0) (0) (0) 

«1 = OV.s, «2 = «n'.n, «3 = «m'.m, «4 = Oif . t 

P{ 0) = P-s>.s, soon (37) 



Then one checks that the integral fl33|) has the following expansion in z singularities: 

A(4) ~ E E / ^ 2 ^kr 2712 x (38) 

712 = i + [(/"i + k + 1) + (k - h)p] 

x [(s' W + fi - Zi)p' + (1 - s - n + &i + &i) - (ei + e 2 )p'] (39) 

i?es in (|38"D stands for the residue amplitude; Zi, k%, l\, ki are numbers of screening oper- 
ators integraded over the region close to and z, and it is presumed that z is close to 0. 
The rest of screenings, Z 2 = l — h, k 2 = k — k\, Z 2 = l — h, k 2 = k — ki are being away from 
z ~ 0. (The corresponding analysis in case of the minimal conformal theory of selecting 
the ^-singularities of four-point functions by the configurations of the screening operators 
see in ||, and also in |2(|). By summing over the configurations if screening operators 



in (|38|) we are summing over the intermediate states in fl3"4|). The terms in (^) with 

h = -s' - n' + h, h 1 = a + n-l-ki (40) 

correspond to physical states. We get in this case 

712 = 1 + (ei + e 2 )pV - pp) (41) 
p' = s ' + n '-i-2l u p = S J rn -i-2k 1 (42) 



The subsum over the physical intermediate states, the 'diagonal' terms in (p8|), which 
produce 1/e singularities, takes the form: 

(A(% ing ~ E / d 2 z\z\- 2 - 2 ^^^'~^ x Res (43) 

ki,h(p' ,p) 

It is not difficult to realize that the sum for (A^) s i ng can be given in the form: 

{A W ) sing ~ E + e2)(j) , _ pp) (^s'TsK^^i^'Tp^.m^t) (44) 



Using the expressions for the three-point functions we obtain, for the residue in (f44|) , 

E ^^fiN 2 N^ p N}-N,N A (45) 



Ni = N s , s , so on. As 

_ r(i-p' + pp)r(i+p'-pp) _ 2 

Y{p'-p P ) n-p'+pp) ~ { 1){p pp) {Ab) 

we obtain finally 

(A^) smg ~ N 1 N 2 N 3 N 4 X)(P' - PP) (47) 

p',p 

We have calculated the contribution of physical intermediate states only, and also 
just the singular piece, the residue at 1/e in coming from the region z ~ 0. Also, 
different representations for the external states (operators) can be used, but the general 
form of (A^) sing remains as in (pETp. 

We notice that although we have chosen the representation ( ) for the external 

states, see ([37]) , ([H}) and the difinitions (|24D , (|25|) , the opposite representation (or the 
opposite Liouville dressing) states appear anyway, as intermediate states in the four- 



point functions, see fl44|) . (Same is true of course for the often prefered representation, 

(( )( )( )( )(H — )) , with one of the external operators chosen to be in the 

conjugate matter representation). This is another piece to the arguments given above on 
should be equal footing of the representations. 

Several further comments are in order. We have calculated, in the e - regularization, 
the residue at e - singularity coming from the region z ~ (s channel, in terminology of 
dual models) of the integral (|33|) . Similar contributions should be considered also coming 
from z ~ 1 and z ~ oo (t and u channels). And they have to be summed over, with the 
coefficients which are not defined within the e - regularization used above. In fact, the 
regularization fixes the calculation just for one particular channel, and leaves the relative 
coefficients of different channels not defined. 

Related flaw is that the intermediate state violates the relation A M + A L = 1, by e 
amount, which we kept for the external states. In this respect the e - regularization is 
not fully consistent. 

Other questions have been left open in the above calculation. We assumed that the 
correlation functions are given by the residues of the physical state singularities. What 
happens to the nonphysical intermediate states in the full sum (|38|)? One suggestion is 
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that these problems can be resolved and a fully consistent regularization can be achieved 
via the analytic decomposition of the integral in (^) into a sum of products of contour 
integrals. This is the alternative way in which the four-point (and multipoint) functions 
can be defined, and the operator algebra calculated, in the usual conformal theory, see 
BIJ. The expectation is that proceeding in this way the contribution of nonphysical 
channels will get cancelled, presumably because there are pairs of intermediate states, 
with exponents 

A M +A L , and (1 - A M ) + (1 - A L ) = 2 - A M - A L (48) 

which enter under sin7r(...) in the coefficients at products of the corresponding conformal 
blocks. The two terms corresponding to ( [48]) would cancel each other. 

Also, in case of terms corresponding to physical states, it is likely that poles will 
contribute only (z going around 0, 1, oo), as exponents are integer in this case. 

Proceeding in this way it might be possible to actually check what form of factorization 
of the four-point functions is taking place. 

One more technical question is the sum in (|38|), and in (f4T|), over the numbers of the 
screening operators. By their origin, they have to be summed in the ranges: 

< h < 1, < ki < k, 0<h<l, < h < k (49) 

where, by the charge conservation, a % — 2«o, Yl A = 2/3q, the total numbers of the 
screenings are given by: 

s' + n' + m' + H - 2 7 _ -s' - n' - mf - i! - 2 
I — - , { — - — I Z (5UJ 

k = g + n + ^ + t ~ 2 =fc (51) 

So we have to define a sum over a negative number of screenings - over li, in this particular 
representation of the external operators. A simple conjecture would be, by extending the 
analytic continuation trick for finite products, eq. (|T7|) , that the sums are to be defined 
as: 

i 1*1-1 
if a(l)=£/(0, then s(l = -|Z|) = - £ f(-i) (52) 

i=0 i=-l 
9 



(1 - integer). 

For the moment the above remarks are only conjectures and further work is needed. 

We mention that special multipoint functions, which involve no matter screenings, 
have been calculated in |ZT|, in the Liuoville field theory approach, using the represen- 
tation of Goulian and Li. Other special four-point functions could be obtained by just 
differentiating the general three-point functions ( l8|) with respect to \i. These are the 
four-point functions which involve one puncture operator. Those are special isolated 
cases by which the general technique could in particular be verified. 
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